The properties of resilient divertors are explored using equilibria derived from Compact Toroidal Hybrid (CTH) geometries. Resilience is defined here as the robustness of the strike point patterns as the plasma geometry and/or plasma profiles are changed. The addition of plasma current in the CTH configurations significantly alters the shape of the last closed flux surface and the rotational transform profile, however, it does not alter the strike point pattern on the target plates, and hence has resilient divertor features. The limits of when a configuration transforms to a resilient configuration is then explored. New CTH-like configurations are generated that vary from a perfectly circular cross section to configurations with increasing amounts of toroidal shaping. It is found that even small amounts of toroidal shaping lead to strike point localization that is similar to the standard CTH configuration. These results show that only a small degree of three-dimensional shaping is necessary to produce a resilient divertor, implying that any highly shaped optimized stellarator will possess the resilient divertor property.
I. INTRODUCTION
The search for a divertor solution for stellarators is the subject of ongoing research. Current divertor schemes in operation on Wendelstein 7-X (W7-X) and the Large Helical Device (LHD), respectively, the island divertor [1] [2] [3] [4] and the helical divertor [5, 6] , will not be available for all stellarators. This paper will examine the properties of non-resonant divertors, that is divertors that do not rely on a specially tuned low order resonance at the edge, as is used with island divertors, and do not require helical coils as is used with the helical divertor. Rather, nonresonant divertors rely on the fact that stellarators, optimized for reduced neo-classical transport, tend to have outer flux surfaces shaped with distinct toroidally localized "ridges" [7, 8] Flux is preferentially expelled near these ridges in a manner that is largely independent of the plasma profiles and changes to the equilibria. These features were explored in previous work [9, 10] which examined the ability of a quasi-helically symmetric (QHS) equilibrium to remain resilient to changes in wall position, plasma current, and perturbations by external coils. It was found that the QHS equilibrium in question, that of the Helically Symmetric eXperiment (HSX), was resilient to changes in configurations provided that the last closed flux surface (LCFS) or large magnetic islands did not intersect the target surfaces. Resilience in this context means that as the plasma configuration varies, such as from the inclusion of plasma current, the locations of the strike points on divertor targets are not strongly affected.
The need for resilient divertors exists because the island divertor solution is not appropriate for optimized stellarators with significant plasma current. These include the quasi-symmetric class of stellarators [11] but also other optimized stellarator designs that do not target eliminating the bootstrap current. The divertor solutions in use on the two largest stellarators in the world are the island divertor used on W7-X and the helical divertor on LHD. The island divertor is created by positioning a low order magnetic resonance near the edge of the plasma. By also ensuring the magnetic shear on this surface is low, an island chain is easily formed. This island chain is located between the confined plasma and divertor plates that are positioned to intersect the island. Thus plasma is preferentially carried parallel to field lines from the x-point around the island to the plates. The island divertor requires very precise control of the rotational transform. The Helias line of stellarators, which includes W7-X, is optimized to minimize plasma bootstrap and Pfirsch-Schlüter currents and thus ensures the island is positioned properly [12] . Designing an island divertor for a stellarator with significant bootstrap current is a major challenge.
The island divertor is not resilient to changes in plasma current. Even small changes in rotational transform can have significant detrimental effects to divertor fluxes. The problem is severe even on W7-X which optimizes for minimal bootstrap current. Special scraper elements have been designed for W7-X to protect specific divertor surfaces during start-up and ramp-down of the plasma [13] . Therefore, a resilient divertor solution is needed.
The second approach to 3D divertors, the helical divertor, is used on LHD. In LHD, two large helical coils provide the rotational transform and also provide x-points in the magnetic field. These x-points rotate helically around the machine and are the basis for the helical divertor. It is not clear whether the helical divertor geometry is compatible with optimized stellarators.
Previous results found two conditions necessary for resilience: 1) The wall must not intersect the closed flux surfaces, and 2) Large edge islands must not intersect the wall. Furthermore, it was found that the strike point locations tended to align with regions of high principal curvature of the magnetic surface. Curvature of the mag-netic surface, and future references in this paper to curvature, refer to magnetic surface curvature rather than magnetic field line curvature. However, because the HSX equilibrium is so highly shaped, previous results were not able to determine if there was a minimum curvature at which the equilibrium loses its resilient properties. Nevertheless, it was speculated that this minimal curvature must exist. One of the goals of this paper is to determine the minimum requirements for access to resilient non-resonant divertor solutions for stellarators. In brief, a main conclusion is that even small deviations from perfectly circular cross sections can provide localization of the strike points on the target surfaces, and provided that these regions of maximum curvature do not move, the edge is resilient to other changes in the shape of the LCFS.
In order to find a minimum curvature, a magnetic configuration is needed that can explore the low curvature regime. The Compact Toroidal Hybrid (CTH) [14, 15] configuration is ideally suited for this purpose, because it can be operated as both a tokamak and as a five period torsatron. The coils used for the calculations in this study are shown in figure 1a . Specifically, the CTH equilibrium includes a large helical coil (in blue), vertical field coils (in red), and toroidal field coils (in black). The actual CTH machine has 10 toroidal field coils, however for the calculations in this paper, 40 toroidal coils were used to reduce toroidal ripple. CTH also has an ohmic transformer which can be used to supply a loop voltage and drive toroidal current in the plasma. For the calculations in this paper, plasma current will be added by the Variational Moments Equilibrium Code (VMEC) [16] .
The layout of the paper is as follows. Section II discusses the resilience of the CTH configuration to perturbations caused by plasma currents. Section III begins with a perfectly toroidal equilibrium and slowly increases the toroidal shaping until the divertor begins to display resilient properties. Section IV discusses the results and looks toward the future.
II. RESILIENCE OF THE CTH CONFIGURATION
CTH can operate as an ℓ = 2 torsatron with vacuum flux surfaces created by the helical coil and the vertical field coils alone. The LCFS of such an equilibrium is shown in figure 1b . This configuration provides a baseline for comparison with previous results using QHS configurations. By altering the plasma currents in these configurations, the LCFS also changes, and the resiliency of the divertor geometry can be tested.
The divertor target used for this study is the actual CTH vessel wall which is modeled as a perfect torus of major radius of 75 cm and minor radius of 29 cm. VMEC calculations of the LCFS of the CTH equilibria with varying amounts of plasma current are shown in figure 2. Because the current is driven by an ohmic transformer, rather than due to finite plasma pressure effects, the modeled equilibria only include plasma current and not plasma pressure.
The direction of the plasma current is chosen so as to increase the rotational transform. Three equilibria are considered here. One with no plasma current, one with 5 kA of plasma current, and one with 10 kA of current. The plasma current and rotational transform profiles are shown in figure 3 . The rotational transform profile is modified significantly increasing from a maximum ι ≈ 0.17 at the edge in the no current configuration to a maximum ι ≈ 0.33 in the configuration with 10 kA. Also the shape of the rotational transform profile is modified as well, with the maximum appearing slightly inside the edge in the 10 kA simulation.
Calculating the magnetic field at all points inside and outside the LCFS for plasmas with finite current is not straightforward. A newly developed method was used for this paper. In this method the vector potential A is calculated by summing the potentials from the vacuum and plasma components, which are computed separately. That is A = A V + A P and, the magnetic field is calculated at all points as B = ∇ × A. This provides the field at all points in space without a discontinuity at the plasma boundary.
The results from strike point calculations are shown in figure 4. For the strike point calculation, the initial points are started in the confined plasma region and follow parallel to the field lines with perpendicular diffusion. Particles are begun inside the plasma in order to properly capture the non-uniform transport of particles across the LCFS. A user-specificed diffusion coefficient allows for perpendicular motion across field lines. For these calculations the diffusion coefficient is, D = 0.5 m 2 /s assuming a proton with energy 800 eV. This diffusion coefficient should not be confused with true particle motion, but a simplified approximation. Field lines are followed in both forward and reverse directions. For all three configurations the points are localized entirely in the toroidal regions from toroidal angle, 0 < ζ < 0.4 radians and from 0.85 < ζ < 2π/5 radians. They are also all localized poloidally between poloidal angles 1 < θ < 2 and 4 < θ < 5.
Turning to the resilient properties of CTH, there is not a strong difference between the configurations despite changes in the plasma current, rotational transform, and LCFS shape. Like the QHS equilibrium studied previously [9] , the CTH equilibrium when operated in stellarator mode has a divertor that is resilient to the effects of plasma current.
It is useful to quantify the resiliency of each configuration. This is possible in the CTH geometry because of the simplicity of the surrounding vessel. In order to calculate a simple metric for the resiliency, we uniformly subdivide the grid in the poloidal and toroidal directions. Then we produce a histogram marking how many points lie in each grid cell for the 0 kA configuration. For the other configurations we count the percentage of points that lie in grid cells not covered by the initial configuration. This gives a basic metric for how many points lie outside the area covered by the base 0 kA configuration.
The calculation can be sensitive both to the number of strike points and to the grid point size. The grid must be sufficiently fine to capture differences between the configurations. For a given grid coarseness, the result converges as the number of sampled points increases. To maximize the statistics we consider stellarator symmetry and only consider the half period. We used grids of approximately 1 cm spacing (75 points in the toroidal direction and 100 points in the poloidal direction), and 14000 strike points (7000 forward and 7000 reverse). For the 5 kA case it was found that 2.2% of strike point locations lay outside the area covered by the 0 kA strike points. For the 10 kA case, it was found that 7.8% of points lay outside the area covered by the 0 kA strike points. Downsampling down to 10000 points changes the numbers to 2.3% and 8.4% for the 5 and 10 kA cases respectively. The contour plots on figure 4 represent the Gaussian and mean curvatures. A brief aside is necessary to describe what these terms mean. Consider a two dimensional surface in three dimensional space. Consider a point, x 0 on that surface and a normal vector n 0 at that point. Let S P be the set of all planes P that include the vector n 0 normal to the surface. Each of these planes intersect the surface on a curve, C, that includes the point x 0 . For each C calculate the curvature, κ as the inverse of the radius of the osculating circle, i.e. κ = 1/R, and let S κ be the set of all such curvatures, κ. For this calculation we choose the convention that κ > 0 denotes a curve that is locally convex when viewed from the magnetic axis of the plasma and κ < 0 denotes a curve that is locally concave. Let P 1 be the maximum κ for all κ in S κ and let P 2 be the minimum for all κ in S κ . These are the first and second principal curvatures respectively evaluated at the point x 0 . The Gaussian curvature, K, is represented as the product of the two principal curvatures, P 1 × P 2 , and the mean curvature, H, represents the mean value of the the two principal curvatures, (P 1 + P 2 )/2. An example of how the calculation is carried out in practice is given in [9] .
The curvatures are calculated at the LCFS for the case without any plasma current. In order to relate the curvature at the LCFS to a point on the wall it is necessary to develop a convention for how the poloidal angle is parametrized. For the above comparison, we choose a parametrization where for any angle ζ, θ = 0 always appears on the outboard side at z = 0, evaluated as the line of symmetry at ζ = 0. The poloidal angle at any point, x along the surface is given by 2πL x /P , where P is the length of the perimeter of the surface, and L x is the length from the outboard midplane to the point x. Because CTH plasmas are not as highly shaped as either HSX or W7-X, this method provides a sensible approach. Nevertheless, in the regions of high shaping, such as ζ = 0, some deviation is expected. The same method is applied to determine the point on the wall. However, because the wall is circular, the calculation is identical to θ = tan −1 (Z/(R − R 0 )).
In both cases the strike points align with regions of high curvature. However, the mean curvature calculation shows two separate regions of high curvature, whereas the Gaussian curvature only has one region of high positive curvature. Positive Gaussian curvature indicates that both principal curvatures have the same sign and the surface is fully convex or fully concave at that point. However, in the specific case of CTH geometry, there are no fully concave sections. Negative Gaussian curvature indicates that the principal curvatures are oppositely signed and the surface has a P 2 < 0, indicating that it is concave. Only in the fully convex regions where the Gaussian curvature is positive, is there high strike point concentration.
The addition of plasma current alters the shape of the LCFS, but does not significantly alter the positions where the Gaussian curvature, or any other curvature metric, has maximal values. The Gaussian curvature for the configuration with no current and the configuration with 10 kA are shown in figure 5 .
Designing a proper divertor for CTH is beyond the scope of this paper. Yet, it is possible to determine roughly where such a divertor should be placed. The analysis is similar to the early designs of W7-X before the island divertor design was determined [17] . Figure 6 provides the vessel of CTH along with the approximate locations of where divertor plates could be placed. Also plotted are the strike locations for the zero-current simulation on the divertor wall. Additional work would need to be done in order to determine the actual shape of the plates along with the location of pumps and additional structures. 
III. MINIMAL CURVATURE FOR RESILIENCE
Previous results from HSX [9] and W7-X [17] indicated that the magnetic surface curvature was strongly correlated to the locations where field lines, and hence plasma, exit the LCFS. In these configurations the target surfaces were generated by uniform displacements of the LCFS. In these scenarios, regions with high principal curvature of the LCFS are well correlated to regions of high principal curvature of the target surfaces. It was proposed that the first principal curvature was a good metric to locate the regions of escaping plasma flux.
Evaluating the curvature of the LCFS of these configurations requires some finesse. In general, the curvature of the surface has two contributing factors, curvature from the poloidal shape of the surface, and curvature that arises from the toroidal geometry. A perfect torus has Gaussian curvature that is negative on the inside half and positive on the outside half. At the top and bottom of a perfect torus the Gaussian curvature is zero. Because the poloidal shaping in the configurations that will be presented in this section is so weak, the Gaussian curvature does not deviate much from the perfect torus, and does not provide a useful metric for analysis. However, the mean curvature, H, does provide a proper metric as it is maximal at the tops and bottoms of the configurations, where the poloidal shaping is the strongest.
It is also possible to normalize the curvature by multiplying by the local value of the minor radius in order to provide a comparison between configurations of different sizes. The minor radius is used because we are interested primarily in the curvature from the poloidal shaping. For the vacuum CTH equilibrium, examined in Section II, with a = 21 cm at the region of highest curvature, the normalized curvature is |H|a = 3.19. This is a significantly smaller value than either the HSX or W7-X equilibrium with normalized curvatures of 16.28 and 21.20 respectively. Nevertheless, CTH still displays the same resilient properties as those other more shaped equilibria.
It is desirable to find the limit at which configurations no longer display resilient behavior. Obviously such a limit must exist, because a perfectly axisymmetric system cannot have any toroidal localization of the magnetic field strike points. In the following, we outline a method for deducing the minimum value of curvature that results in a resilient edge. We begin with an axisymmetric configuration created by prescribing an equilibrium with no current in the helical coil. The equilibrium is ax- isymmetric except for the toroidal ripple produced by the finite number of toroidal coils. To reduce the toroidal ripple, additional uniformly spaced toroidal field coils were added to the standard CTH coil set (see figure 1) . The additional coils bring the total number of toroidal field coils in our calculation to 40.
Then we add current into the helical coil and reduce the plasma current by the appropriate amount to keep the equilibrium centered in the vessel. This adds 3-D shaping to the plasma and eventually the configuration only differs from the equilibrium studied in section II by the current in the toroidal field coils. The VMEC calculated boundary surfaces for the five configurations discussed in this section are shown in figure 7 . Figures 8 and 9 show the strike points for a scan of the curvature effectuated by gradually increasing the helical current. Figure 8 shows the results of calculations using the field line diffusion coefficient, D = 0.5 m 2 /s also used in the calculation in section II. Figure 9 shows a calculation taken at the limit D → 0. This zero-diffusion limit calculation is performed by always moving the field line radially outward, and then reducing the step size to be as small as computationally feasible. In the calculations presented here the step size is 0.1 mm and the field line is moved every 2 radians. This method was described in more detail in [9, 10, 18] , where it was often referred to as a "spiraling out" method. As before, field lines are followed in both forwards and backwards directions for both cases.
The axisymmetric configuration has a normalized mean curvature |H|a of 0.54 and is shown in blue in all figures. When the normalized mean curvature reaches |H|a = 0.58, the calculation with diffusion already shows strong localization that is similar to the localization seen previously in figure 4 . In the zero-diffusion limit calculation, localization can already be seen even at the very low normalized curvature of |H|a = 0.55, just barely more than what arises in the perfectly circular cross section case. For equilibria with higher curvatures, all the strike points lie essentially on top of each other in the zero-diffusion case. In both calculations the axisymmetric configuration shows no toroidal localization, although it does display a poloidal localization, with the strike locations appearing on the inboard half of the machine. The specific poloidal localization seen here is particular to this configuration, and not a general feature. It is most likely due to small misalignments between the vessel axis and the plasma magnetic axis.
All the curvatures for these configurations are considerably smaller than that of the usual CTH equilibrium discussed in section II. Furthermore, in all the configurations in figure 8 , the rotational transform is dominated by the component due to the plasma current. The ratio of the vacuum component to the plasma current component at the LCFS, (ι vac /ι) a varies from 0 to 0.012. Even at very small contributions from the vacuum fields to the rotational transform, toroidal localization is seen. Therefore, one key result is that the amount of curvature of the boundary surface that is needed to cause toroidal localization is very small. Indeed it is so small that toroidal uniformity is only truly achievable in perfectly axisymmetric configurations.
IV. DISCUSSION
The results presented in this paper yield some important characteristics about the resiliency of 3-D shaped configurations such as stellarators and heliotrons/torsatrons. All these 3D configurations produce rotational transform primarily by external coils that include non-planar components. Because toroidal shaping will exist in all stellarators and heliotrons/torsatrons, they will all possess maxima and minima in principal curvature. Therefore, they will all display strike point localization as is evident in the calculations shown in this paper.
From the results in section III, it is seen that the amount of toroidal shaping needed to produce strike point localization is smaller than what exists in any stellarator today. The normalized curvature for configurations that display localization are about one to two orders of magnitude less than the natural curvatures that appear in W7-X and HSX. Every confinement scheme that produces rotational transform with external coils should display strike point localization. Furthermore, provided that the three specific conditions outlined in the introduction and repeated below exist, the strike point localization should be resilient to equilibrium perturbations. The three conditions for resilience are that 1) the wall does not intersect good flux surfaces, 2) large edge magnetic islands do not intersect the wall, 3) perturbations of the LCFS, regardless of the presence or absence of islands, do not change the regions of maximum curvature.
The first two conditions were shown in a previous publication [9] . The third one was not explicitly stated previously, but is a natural outcome of the result that strike lines tend to exit through regions of maximum curvature, as shown in figure 4 . The usual caveat must be stated. A resilient edge magnetic structure is necessary for having a proper functioning divertor, however it is not sufficient to show that the divertor will have the desired properties. True divertor functionality can only be demonstrated by having appropriate experimental results. In the absence of experimental information, we must rely on simulation results such as from EMC3-EIRENE [19] .
Finally, looking forward, the results presented in this paper yield some information regarding the possible designs of new divertors for small and mid-sized quasisymmetric stellarators. In these devices it is easy to determine the locations where flux will exit. Field line following and geometric analysis of the LCFS can determine the location between the plasma and the wall that divertor plates should be placed. However, the best shape and structure for the divertor plates cannot be determined by the simple analyses provided by field line following. Therefore, by ensuring that this region has sufficient room to install different plates, a proper experimental campaign can be undertaken. Looking at divertor optimization for next generation quasi-symmetric experiments, it suffices to attempt to maximize the distance between the coils and the plasma at the important regions where divertor plates will need to be installed.
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